
ON AN APPROXIMATE FUNCTIONAL
EQUATION OF PALEY*

BY

W. C. RANDELSf

The purpose of this paper is to present and extend a method which

has been found useful in the construction of "gegenbeispiels." The methods

of proof have all been used before by various writers, but the conditions used

here are more general than those considered by the other writers.

If we have a sequence of positive numbers {an} such that

oo

E fln =  °°
n=l

and such that the function,

00

f(z)   =   E^nZ",
n-1

is analytic inside the unit circle, we know that/(pe<9) will tend to infinity as

p—>1, at least for 0 = 0. If we introduce a sequence of factors {eib»} (bn real),

the function
00

/(z) = E aneib"z"
n=l

will tend to have its singularities spread over the unit circle and the order of

max0&e<uf(pew), as p—>1, will be decreased. This suggests the problem of de-

termining a sequence {bn} corresponding to the sequence {a„} such that the

order oîf(peie) as p—»1 is the same for all values of 6.

The first result of this nature was given by Hardy and Littlewood [2].|

They considered the case of a„ = nP~112 and they proved that

Ht'11 "
fß(z) =-e~Ti/4E w?_1/2 exP lian log n\zn = F(°) + *(ff), §

log a B=i

where

* Presented to the Society, February 23, 1935; received by the editors February 11, 1937.

f This work was done while the author was a Sterling Research Fellow at Yale University. The

problem was suggested by Professor Hille.

| The numbers in brackets refer to the references at the end of the paper.

§ To make the printing easier we shall sometimes write exp [x] instead of e1.
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(log a)0+1/2
,     z = pew,     p '",   e log

®-

and

F(o-) =   J2 aPe-w»",

4>W) =

A + o(l), asff-^0,  if ß < |,

O(l0*7> if ß - i

[ 0(oHn-i/»), if/3>i.

The function F(o-) is similar to the Weierstrass non-differentiable function,

and extensive work by Hardy [1 ] on that function makes it possible to show

that//¡(z) is continuous for \z\ =1 and /3<0, and

fO{(l-|*|)-*}, ß>0,

(1) /#(*) =

W^t^R)}'      ß = 0-
Moreover they showed that*

(2) fß(z) =ß{(l-|a|)H»}  as p-»l,        fi > 0.

As a consequence of (1) and a theorem of Hardy and Littlewood [4, Theo-

rem 4] it follows that

(3)    coify, h) = l.u.b.   | Me*) - Me*) | =

¡Oik-?),    - l <ß < o,

= - i.o(Mogi-),

Hille [5] has given a proof of (1), but by his method one cannot prove (2).

Hille, and Ingham [6], considered the similar functions

fßy(z) = Z «~1/2(log w)-Tei»OopO0z», )3 < 1, y > J03 + 1),
n=2

and showed that these functions are continuous for |z| =1.

It is natural to try to prove similar theorems for functions of the type

00

/W = ^b(n)eiA(-nhn.
n=l

It is convenient to assume that the functions o(x) and A(x) are defined for

* By the notation f(x) = ß jg(x)} we mean that/(:t) 9^0 {g(x)}.
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all values of * on the interval (1, <») and we shall do so from now on. This

problem was first handled by Paley [7] who showed that, if n,(0) is defined

by the relation

A'{ny(6)} = 2w - e,

then

00

f(z) = E è(«)eiA<n)zn
n=1

(4) ^       b{n,(0)\       ,    , . ,   .
= a-L'V^E -r—-^-   « \"m exp   »A«,(«)   + Bny(B)ZÍ   (A"{n,(0)})i>*1    ' n,lW1

- 2rvth(e) } ] + R(z) ,

where R(z) is continuous for | z| =1. Paley's results however were not as gen-

eral as ours for he used a condition of the form

b(n) = 0(x'-1!2),        t < 1/10.

Wilton [8] working on the same series when |z| =1 proved the equation

m

/»(e*) = E b(n)eiù><"V»9
n-l

(5) = »MV*/*è        *)W1?L2 exp [i{A[nM\ + Bn.(9) - 2^(6)}]
,_i   (A"{«„(0)))1/2

/ r"b(x)[A"(x)}1'2     \

+ 0(1) + °Ui A'(x) ¿Xj'

where «„(ö) ^w<«il+i(ö). Wilton mentions that his equation is in general a

special case of one of van der Corput. We notice that neither the method of

Paley nor that of Wilton will prove (1) or (2).

The purpose of this paper is to give an extension of Paley's methods so as

to include (1) as a special case. In §1 we prove a functional equation similar

to (4) except that R(z) is not necessarily continuous. The functional equation

of §1 could possibly be gotten from Wilton's (5) by replacing b(x) by pxb(x)

but it would involve at least as many complications as the proof given here.

In §2, it is shown by a method of Hardy [1 ] that

Zb(ny) . .
p"'-:— exp [i A«) 4- Bn, - 2vvn,\\

„_! [A"«)]1'2

-*(£)}■



1938] AN EQUATION OF PALEY 105

where, if w„(0) ̂ x<w„+i(0),

vt ^      V                            b(y) Hy)
M(x) = ¿j max-\-     max

li ^»as»»)   [A"(v)]1/2      %(o)S»S* [A"(y)]1/2

We also show that

G(2) = fi{M(rb)}-
if

(     b(x)     )
(D) M(x) = CK-z-^-A;— } .

\[A"(x)yi*f

The remainder function R(z) is studied in §3 and it is shown that if M(x)

is bounded, R(z) is continuous for | z\ = 1 and otherwise

m . .{nfjL-)}.
In §4 we use a method of Hardy and Littlewood [4] to show that if /(z)

is analytic for \z\ < 1 and continuous for \z\ = 1, and

f'(z) = 0{g(|*j)},

where g(x) Î « as x—>1, then

«(/, A) = l.u.b.   |/(«»•) -/(«*) o|J   g(*)á*j,

provided the integral exists.

Wilton [8] has given some applications of his equation so that in dis-

cussing applications we confine ourselves to cases which have not been cov-

ered by Wilton. It is pointed out that (1), (2), and (3) follow from this theory

and also certain generalizations of them are possible. Ingham's results also

follow as pointed out by Wilton, and furthermore

1 \-7-0/2+sm ß       3

if   7 + — > —
2        2

(/ 1 \ —y-0/2+3/2-v

<*ifßy,h) =OJ(bg-j j,

where Miz) is defined by

Miz) = X) «_1/2(log n)-> exp    i J    (log x)Hx  .

It is finally shown that, if b(x) satisfies conditions (A), (B), and (C) of §1,

and
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(E) J    b2(x)dx = 0{x1+'b2(x)} , e < 1/30,

and

I    b2(x)dx = oo ,

then, if A(x) is defined by

A(x) = j  log[JV(z)a-zldy,

the functions A(x) and b(x) will satisfy condition (D) of §2 which implies

that the singularities of the function

00

f(z) = E b(n)eiAMzn

are distributed uniformly over the unit circle, and the order oîf(peiB) as p—>1

is the same for all values of 6. This answers a question proposed in the opening

paragraph.

1. The functional equation. The method used in this section is essen-

tially that of Paley and the notation is chosen to agree with his. If the func-

tions b(x) and d(x) axe given we define

A(x) = j  d(y)dy,

z = peie,

d{n,(B)} = 2w - 8, 0 ^ 6 < 2ir, v = 1, 2, • • • ,

F(v; 6) = a{«,(0)} 4- 0«„(0) - 2trvny(d).

We impose the following conditions on b(x) and d(x) :*

(A) The function d(x) has two derivatives, continuous on the open in-

terval (1, «>) and

d(x)  Î  oo  as x —> oo ,

d'(x) = 0(x~1),

l/d'(x) = 0(x1+'),        0 < e < 1/30,

d"(x) = 0(x"~2),        77 < 1/10 - e.

We notice that the first condition on d(x) implies that n,(6) Î oo as p—> oo.

* It would obviously be sufficient to assume that these conditions are satisfied only for x greater

than a certain xa; but to simplify the work we carry through the proof for xo= 1.
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(B) The function b(x) is monotone and has one derivative continuous on

(1, oo ) and

b'(x) = 0{b(x)xs~1},        ô ^ e.

The function d'(x) and b(x) satisfy the condition:

(C) There exists a constant k > 1, such that for each function

f(x') < kf(x),        kf(x') > f(x),    if    1 ^ x ^ x' è ex.

If we had restricted ourselves to functions of the logarithmic-exponential

type, condition (C) would mean that the functions could not be like ex or e~x.

We notice some consequences of (C). If f(x) satisfies (C), then

1           k              k           1
-<-;        ->->        1 îS x < x' < ex.
fix')      fix) fix')      fix) -       -

If two functions/i(x) and/2(x) satisfy (C) with constants h and k2 respec-

tively, then for x^x'^ex,

fiix')Mx') < kik2fiix)Mx), kihfiix')Mx') > Mx)ft(x).

If fix) satisfies (C),/(x)>0 then for x^x'^ex,

• A+x-x'

and

fiy)dy >  j fiy)dy, k j    fiy)dy >  \    fiy)dy,
x' -> x J x> J x

j fiy)dy <ekj   fiy)dy,

jXfiy)dy <ekj fiy)dy+f°fiy)dy.

This means that, if the functions/i(x) and/2(x) satisfy (C) and are positive,

then the functions

Mx)Mx), J    fiiy)dy, j   fiiy)dy
fiix)

also satisfy (C) for x>a>l for some a. If /(x) >0 satisfies (C), then for

e"x^x' <e»+1x,

fix')      fiex) fix') , / Aloet
-=- • • • -< kn+1 < k- k^ (x   _

fix)        fix) fie»x)

lifix) >0 satisfies (C), then

/x'y
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~       /» n+l /» °°

E/M < ¿E I       f(x)dx = k I    /(x)^
n=l n=l "Z n «Z 1

f(x)dx = E I    /(*)<** < ¿E /(»),
1 n=l •' n n=l

so that the series and integrals are equiconvergent.

We wish to obtain an approximate functional equation for the function,

00

/(z) = E b(n) exp [îA(»)]z".
n=l

We first consider the group of terms*

T+S T+8

E b(n) exp [iA(n) ]zn = E c(w) exP [iA(n) + ind],
r—a r—a

where r = nr, s = ny3li, and where c(x) =b(x)px. We have

r+j r+s

E c(w) exp [iA(n) + ind] — c(ny)~%2 exp [iA(n) + ind]
r—a r—a

= o \ EI °(n + w-) — c(w) I f
(l.i)

, d •     )
0\   max       —c(x)    /„ n>

l|«-n,|Sj     dx o      J

n,/2   6/5 1/6+J , v   n,/2
= 0{(1 — p)b(ny)p     ny    + ny      b(ny)p

since by (C) and (B),

c'(x) = b(x)pZ log p 4- b'(x)pX = 0{b(ny)pn'  (1 — p) + n,    b(ny)pn"  },

By (A)
\ny -è. x ^ •£«„.

r+a /» r+a

E exp [iA(n) + ind] —   I       exp [îA(x) -f- ixd — 2wivx]dx
r-a J r-a

(1.2) =0\ny     max       — [îA(x) 4- ¿x0 — 2 «ex]   >
v      I*—»»IS« I dx \)

— 0\ny     max       I     d'(y)dy\ >
(. \x-ny\¿s \Jny \ )

* By the symbol 2^„ we shall understand the sum over all values of n such that »£»<}.
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= 0\n,     max d\x) > = 0{n,   ).
i        |*-«rlS« ;

We have, again using (A),

A(x) + x6 - 2-Kvx = Fiv; 0) + (x - nv)H'iny) + 0{--—\ ,
i     nf-v     )

so that

/r+a /• r+«

exp[¿A(x) + ixB — 2irivx]dx — exp[iFiv;d)] I      exp [i'(x — »,)2a"(«„)]dx
.-» •' r-«

-°{/J1-exp[i0(|r)]|'i4

By a simple change of variable

/» r+» /» f

I       exp [*(x - n,)H'inv)\dx = 2[d"«)]-1/2 I   etl2dx,
" r-ë J 0

where i = «„3/6[d'(«,)]-1'2, and we know that

I    eix*dx = Je™'4*-1'2.
•/ o

By considering the graph of the function cos x2 we see that /"cos x2 dx can be

represented as an alternating series for which the absolute value of the terms

is steadily decreasing. Therefore

f   cos x2 dx = 0{ {d'inv)yi2nrilfl}.

By applying similar considerations to sin x2 we see that

f   e**dx = 6>{[d'(«,)]1/2«r8/6}.

Hence

/» r+s

I       exp [iAix) + ix9 - 2wivx]dx - 7r1/2eTi/4[d'(»,)]-1/2    exp[iF(v;0)]
(1.3)     J r-í

,    2/6+, -3/5, ,    2/6+,)
= O{ns       + n,     ) = 0[n,      j.
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This implies that

r+a

E c(n) exp [iA(n) + ind] = ^^""[¿(n,)]-1'2 exp [iF(v; d)]b(ny)P»,
(1.4) r-a

+ 0\(1 — p)b(n,)ny  p      + b(ny)ny      p      + b(ny)ny      p   \.

We set a(x) =A(x) +dx, y(x) = a(*-f-l) —a(x). We have then

r^i'                         ri^i'      c(n)

E b(n)eiaMpn = E - íe^í») - l}e¿«(»>
r+, r+s    eil,(n)   -   1

where ri = «„+i, sx = n3J+51, and if we define

X

H(x) = E {ei7(n) - l}ei<I(n> = e*»<l*+-U) _ e;°U) = 0(1),
i

this gives us

r£^' f r>"s>       c(x)
E 6(«)eia(n)pn =   I -dZZ(x).
r+» ^r+8      e<7(l) - 1

Integrating by parts we have

c(x) , N        c(x)H(x)

r+a

/" rr>. c(x) c(x)H(x)
-—- dH(x) = ^^AA

./,.+.      ei7<x) - 1 e'vM — 1

J"-i-8'            ¿  (      c(x)      )
H(x)—{-—-\dx.

r+a                dx { e^M — 1 )

By the definition of y(x) and property (A),

7(x) = d(x) 4-0{<i'(x)} +0, y'(x) = d'(x) +0{d"(x)}

and

y(ny) - 2tv + B = 0{d'(ny)} .

Consequently by (C) there exists a constant M>0 so that for v sufficiently

large

3/5 C T+e

y(ny + n,  ) - 2irv + 0 = y(ny) - 2irv + d +   I        y'(x)dx
J nv

> nV min  [d'(n, + x)} - 0{d'(ny) + nTd"(ny)}

> Mny   (ny + ny)      ',

and by (A) for x >ny+nyw, there exists an M' such that
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7(x) — 2-Kv + 6 > Mnv  in, + n,   )        + (x — n, — n, )   min    [d'(;y)]
r+j=y=*

> M'ix — n,)x

If we define N, by the relation

d(N,) = f> + 1)tt - 6,

then since y'ix) = d(x+l) —d(x) >0, we have for x<N„

| 7(x) - 2(v+ l)ir + d\ ê r.

We know however that, for 2wv<y^(2v + i.)ir,

(e{« - l)-1 = 0{iy- 2ht)-1},

and therefore

(1.5) (e        —1)     =0|x    (x — «,.)    J,        «„ + n,    ^ x ^ N,.

By a similar reasoning

(1.6) (e — 1)     = 0\n,+i(n,+\ — x)    \,        N, g x ^ «„+i — «,+1,

and

(1.7)   (e.,„, _ ,,-. _ o{(^)'+'(^i - ,)-},   »,S,S^i,

/ - 1, 2, • • .

Therefore, by (C),

c(x)H(x)
(1.8) g¡T(x)   —   J^

We also have*

= 0{c(nv)n,       + c(^nv+i)n,+1   J
r+s

I    /•'■i-'l d   C        c(x)        ) I
7/(x) — \-—-\dx

\ Jr+, dx Keif(-x) — 1 J        I

< 2r r2bf + r *'+ fVi'2+ f risii id / c(x) i
L^r+S v/2n, J.v, «/n,+1/2 J   I dxXe^^  -   1 /

dx

= 2(/i + 7, + 7, + 74).

Using (1.5) and the fact that y'(x)=0(\/x) we have

* In case 2nv>Ny we drop It, if iV„>jtt„+i, we drop /3, and if §«„+i>n»+i — n"°, we drop 73.

It is essential that nr+nv3l6^nv^1 — nl+l. This will be shown later (cf. (2.1)).
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/     /.2n„   xl+, I c'(x\ I /.2»„   C(x)xl+U \

Zi = 0<  I       -L——dx+ I       —-dx}
(Jr+a X  —   ny J r+a      (x  —   ny)2        )

=  0{Zl'   +//'}.

and by (B) and (C)

U = °{ I "' ^ ~ p)Hn' + X){n' + x)l+'pX+n'

(1.9) .dx)
+ b(x + ny)(x + nyy+'pz+n'\ —V

x )

= 0{ [(1 — p)b(n,)ny V 4- b(ny)ny V] log n,}

and

1.10) Ix" = 0<  j    "c(ny + x)(ny + x)1+2'x 'dxl  = 0{c(ny)nT+2t}

Similarly

h"0(U +W),

where

(1.11)

and

(

fir,
I2   =   I      x'[(l - p)b(x)px + xs'1b(x)px]dx

J In,

= o{ E «'[(1 - p)b(n)p» + w'-'K»)/)"]!

1.12) it" = o< Ec(«)«2«-1}.

Also h=0(li 4-1,"), and by (1.7), if x^N„ 2-'-2ny+x^x^2-'-lny+i,

feiyW - i)-i = o{(«,+i2-01+i(«,+i2-' - x)-1} = 0{x'}

uniformly for/ = 0, 1, • • • , so that

( «,+i/2 -v

(1.13)   U =0<    E   »'[(1 -p)*(»)p" + «'-1*(»)p"]>,

I   ny+ll2 \

(1.14)/," -o<   E «2í-16(«)p4-
If,

Finally U = 0(U +H') and by (1.6)
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II =   I [(1 — p)b(x)nt+\px + b(x)x    n,+ipx](nv+i — x)   dx

(1.15) ,    l+i r. n„+1/2 J-l   n„+1/2 n
= 0{«,,+i log nv+i[(\ — p)b(nr+i)p + b(nv+i)nv+iP J},

ri   i¿\  m        ni    2/6+2e  if        \  »>+'/h
(1.16) I/' = 0\nr+i      b(nr+i)p        \.

From (1.4) and (1.8)—(1.16) we get the principal result of the paper that

oo

/CO = E b(n)e^»h» = G(z) + R(z),
n=l

where

00

G(z) = jr1'!!e"'4X)*(«»)[d'(«»)]_1/!!eii,('il')p"'

i—i

and, if a = max(i}, 2e),

(  °°
R(z) = 0< J] [(1 - p)b(n„)ny    'p"" + 0(«,)»,     "p"'

V  x=l

I   /< \*/    \   6/5+i V2   ,    ./    S   2/5+° V21
+ (1 — p)b(nr)nv     p      + b(n„)n„      p     J

+ ¿ [íín^-V + (1 - p)b(n)n'p»]\ = oí £ *,(«) j .

We notice that this procedure is valid only for \z\ < 1. We shall now give

a functional equation of the type used by Wilton (5) which is valid for \z\ =1.

The equation is

m p

(1.17) X 0(«)eiA(nVn9 = tt1'2^'4 X) &(»-) [d'(«,) ]-i/V<»»> + /?(»», 0),
n=l >=1

where w^+wM3/5^w^«^+i+«J+i. It can be seen that the sums

'i+»i
X) 0(«)eiA(n)ein9,        v < p,

r+«

X b(n)ei"<n)ein', m 5¡ ?Vn — »„+!,
U+t)

where « = »„, v = n^'6, can be handled by the methods which we have used

and moreover

¿ 0(»)eiM»>ei"<' = 0{6(f»)[¿'W]-"s|
»i—»i

where «i = ra„+i, »i = »jl+i. This shows that
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R(m, d) = o\J2 b(ny)nT+" + ¿ b^n^ + b(m) [¿(m)]'1'*] .
V  »=1 n=l )

2. The order of G(z). If the series

oo

EKO[¿'(Oh1/2
»=i

converges uniformly in 8, then the function G(z) tends to a continuous func-

tion of 8 asp = | z| —»1. We shall now suppose that the series does not converge

and investigate the order of G(z) as p—>1. We notice some properties of n,(6).

First, since d(x) is monotone, ny(6) î oo as v—* » and «,(0) is monotone de-

creasing as a function of 6 on (0, 27r). Also

«,(0) = M„+i(2ir).

Finally, since

d{ny(d)} = 2irv - 0,

we have

>   d
¿'{»,(0)} —«,(0) = 2x

dv

and, since d'(x) =0(l/x), there must be a constant c>0 such that

C'+1  d
(2.1)     «„+i(0) = »,(0) 4-  I        —n„(d)dp > ny(d) + cny(d) = (1 + c)ny(d).

J y       dp

We let *(*) =b(x) [d'^)]-1'2 and, if «„(0) ex<nß+x(0), we define

ß
M(x) = E max        h(y) +     max     h(y).

y~2   n^_i(0)âyë«v(0) nß(0)zyax

If A is greater than 1 and »„(0) ux<nh+x(0), n»>(0) ̂ Ax<nß<+x(0), then by

(2.1) we have

M'-M<log^[log(14-c)]-i,

and by (C), h(y) =0{h(x)}, %£y&Ax, so that, if «„(0) á*á»*+i(0), then

(2.2) M (Ax) = E max       h(y)+o\    max    h(y)\ = 0{M(x)}.

We write

00 00

| G(z) | ^ 2tt1/2E h(ny)pn' = 2tt1/2E h(ny)e*n*,        y = log p,
»=.i >•-1
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and define p so that %(0) is — 1/y <w„+i(0). Then

00 ,, 00

X h(nv)ev»> =  ¿ h(nr)e"n" +  2 h(n,)e«"'

and, if O^0<2tt,

E *(«,)«»«» = o{ È *(»o| = o{if [»„(ö)]}.

By (C)

E h(n,)e*»' = hi-)   £ *(»►) U(-)      «"">■
v=^+i \     y/^+i L   \     y/J

= 0<h(-j £ (- n,yyo*ken"v\ .

Since — »Fy>(l+c)'~"( —n¿y) >(l+c)v-*-1, we may find an A and an m not

depending on y so that

nyy + log £ log (— n,y) < — A(v — p), for (v — p) > m.

This shows that

X) h(nr)e»n* = 0<hl-) £ exp [n,y + log ¿log (— »,y)]>

-K-7»-
Hence by (2.2)

(2.3) G(z) =o{m(j±-^\.

We shall now use the additional hypothesis

(D) Mix) =0{hix)\

and we propose to prove that if (D) is satisfied then

The method is essentially that used by Hardy [1 ] for a similar problem. We

take the series

E n? hin„)e>'»*eiF(»:«)
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and let y= —«/«„. Then

[January

E n?h(ny)evn'eiFw>
y=X

n-l

^ n?h(ny)e-a - E n?h(ny)eyn' — E n?h(ny)eyn*.

By (D) we have «(«*) = 0 {«(«„) }, v<p, and hence there exists a X>0 and

independent of a, v, and X, such that

'«A"   h(ny)/«A«   h(ny) /«A«

\nj     h(nß) \nj

Therefore

)i-iv^ v^/M»\a    r    /M»     M
E n?h(n,) exp [— a»,/«,,] < \h(nß)n^e~a E ( — ) exp     — a(-1 )
,=i ,=i \«^/ L        \«„        / J

^    r    /w- w»\"i
= \h(nß)n« e-a¿_, exp    -a-1 — log— I   .

y-i L \«„ nj\

But, since «„/«„ < (1 +c)~x, for v <p, there exists a p >0 such that

», «,,
-1 — log— > p,    for    v < p,
nß »„

and, for p — v > u, u depending only on c, there exists an A so that

— - 1 - log— > ¿[log (1 + c)](p - v).
nß nß

Therefore

m— 1 / n\a       r in \~\     m—"—i
E(-)exp    -«(-- 1)    <  E  exp \-aA(p-v)l^(l + c)}
y=i\nß) L \nß        IA       y=x

/i-i °°
4- E e_ap < E exp [— a4c log (1 + c)] + ue~av = o(l) as a —> oo .

y=M—« *=1

We have also by (C)

OO

E n?h(ny) exp (— any/nß)
r-ß+l

= 0<n?h(nß)e-« E   (—) exp    - a (— - lj   i

= 0<n°h(nß)e-a E     - a ( — - 1 - log — ) 4- log ¿log— \[
\ ,~ß+i L \«„ nßf nßJ)

and, since «„/«„ > (1 +c) for v >p, there exists a /> >0 for which,
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n„ ny
-1 - log— > p,
nß m„

and hence for a greater than a suitable a0, there is a po>0, such that

/»„ »A »„
a[-1 — log — ) — log k log — > otpo.

\n^ nj »„

For v—p>w,w independent of a for a>a0,

/n, nv\ n,
a[-1 - log—) + log * log— > «[log (1 + c)\(v - p).

\»„ »„/ «„

Hence

™                    /»„ n\ »„"]
22, exp    -a-1 - log — J - log * log —

,-h-i       L        \nß nj n»A
00

< werap> + E exP [— av i°g (1 + c)] = o (I) as a —> oo .
r—1

Consequently we can find an ai so that for a>ay,

(i—i °°
E n?h(n,) exp (— any/nß) +  E n?h(ny) exp (— «»„/»„) < \n^h(nß)e~"
y=l y=/i+l

uniformly in 0 and ¿t, and by (C), for y = — (a/%),

d°
- G(z)    > Itt1'2»« A(»M)e-a > co ( -

y/     \     y,

We can easily see that

d«

dp" (\      y/     \      y,

Therefore by a theorem of Hardy and Littlewood* we must have

> §7T1/2»,f h(nß)e~a >íoÍ-1 Ai-J,    w depends on a.

at

Is». o{(-!)■*(-1)}

GW-°Kr^)}-
Therefore under condition (D) we have an exact characterization of the order

of G(z) as | jsf | —>1.

3. The order of R(z). By the above method we can easily show that

(3-D ¿w-rv^jí,^)),

* Hardy and Littlewood [3]. This result follows from Theorem 8 on setting 0=^ = A( —1/y).



118 W. C. RANDELS [January

where, if w„(0) ̂ x<nß+x(0),

v

Ki(x) = E max       b(y)y2"*<> +   max   b(y)y2'6+a.
v_2   «„_i(0) £?£«„«>) »„(0)gy<x

Also

(3.2) ¿ b(ny)nT+'pn' = O^J-^--\i ,

where, if «„(0) ^3;<»M+i(0),

K2(x) = E max       6(y)y6'6+«-f   max   ô(y)y6/6+< = OJx^/f^x)}.
v=2   »,_i(0)SySnv(0) «ß(fl)Sy£.x

Similarly we can show that

(3.3, p{n,^V^o{,^)}--o{K(^-)}

and

(3.4) ¿ b(ny)nT+tpn"2 = oj*.^)}  = o{(l - p)"4^ (^j .

Since 2/54-a<i, we have

»»/n-« = o{[d'(x)]-1'2}

and hence, if M(x)—> oo as 3;—> 00,

Zf^x) = o{M(x)}.

Therefore, if Af(x)—>oo as x—»00,

(3.5) Ä,(z) = 0|jf^_—-M.,       y-1,2,3,4.

If #á -l/y<Ar4-l, y=log p, by (C)

" f   "     6(2 W)       *»* \
E b^n2-1*"* = o< E ———    E   e-"s>

Jim ( U (2wy-2> n=2%+x      f

and, since

b(2''N)(2m)2'-1 = 0{2>lo^kb(N)(2'N)2'-1},

we have
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E b(n)n*<-lp» = CKotAOW2'-1 E 2>'<1°s<:+2<-1>e-2''l
n=iV+l \ )'=0 /

= OlbWN*'-1}.
Therefore

/•  [l/Cl-p)] \

(3.6) £,(«)= 0<     E    *(«)»""'•

Similarly

/" [1/(1-p)1 \ C  [1/(1-p)] -i

(3.7) Ro(z) =0l(l - p)    E    &(»)»'¡-=OJ     E    *(»)»'-l(-.

If the series
00

£0(O[d'«)]-i'2
>—i

converges uniformly in 0, it is easily seen from the above estimates that the

functions Ri(z) tend to a continuous function of 0 as p—»1, for ¿ = 1, 2, 3, 4.

Moreover, since d'(x) =0(l/x) we must have b(x) =0(x_1/2) so that

oo

2 b(n)n*<-1
n=l

converges and

00

J^b(n)n'P» = o{(l - p)-1}.
n=l

Therefore in this case /?(z) is continuous for |z| =1.

We now wish to give some estimate for

X

£ b(n)n2^
n=l

and compare it if possible with M(x). If b(x) is increasing, by the monotonic-

ity of b(x)

N

XX«)«26-1 = 0{b(N)N2'}
n=l

and, since by (A)

b(N)Nli2 = 0{M(N)},

we see that

*,(*) = o jüí^-Í—)},       7 = 5,6.
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If b(x) is not increasing the problem might have to be considered differ-

ently in separate cases. However if we make the reasonable assumption that

¿H»)»!ri = o[i(ï)i!,+i,      2£4-7<è,
n-l

then we see that in this case

*,„ = „{„ (_!_)}.

This assumption is always satisfied for functions of the logarithmic-exponen-

tial type which is the type of function used in applications of this method.

4. The modulus of continuity. If a function /(z) analytic for |z| <1 is

continuous for | z | = 1, we define the modulus of continuity of /(z) as the

function

o)(/, h) = l.u.b.   | /(ei90 - f(ei°*)\.
I». -9.1 S*

We wish to develop a method of finding the order of o}(f, h). Let us suppose

that there is a function g(x) such that g(x) î » as *—*1, then we shall show

that if

m = o{g(p)},
then

>(/,*) -ojj"1 «(*)d*l,

provided the latter integral exists. The method used has been used by Hardy

and Littlewood [4].

We have

| /(««.) - /(««.) | = lim  | f(pe^) - f(pe^) \,
p->i

so that we need only show that

| f(pe^) - foe«.) | = O j J l g(x)dx\

uniformly in p<l and \dx — 82\ ^h. Since/'(z) is analytic for |z| <1,

/(pei90 -f(pe^) =   f.6   f'(z)dz =   { f 4-  f +  f \f'(z)dz,
J pe*9' v^l J 2 J 3 J

where fx is the integral taken along the radius 8 = 82 from p to p — h, and /3
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is the similar integral along 0 = 0i from p — htop, while /2 is the integral along

the arc \z\ =p — h from 02 to 0i. Then

[ f'(z)dz = i(P - h) f W'[(p - h)eie]de

= O{|0i-02|g(p- h)} =0{hgil- h)}.

Since g(x) Î oo as x—>1,

f f'(z)dz= J       eie'f'(xe^)dx

-o{f g(x)dx\

-°{J    Six)dx}.

Similarly

Jfiz)dz = 0^j'l gix)dx\.

Finally we notice that, since g(x) | oo as x—A,

hg(\ - h) á f    g(x)dx.
J l-h

Therefore

»(/,*)=o{/   ti*)**}.

5. Applications. To illustrate the scope of this method we shall apply it

in detail to a particular function which has already been considered and point

out some extensions of the usual results which may be obtained by this

method. The function which we shall consider is

/<îy(z) = E »-1/2(log n)~y exp    i f   (log x)Hx \z»,        O ¿ ß ¿ 1.

This is similar to the function

00

y, «_1/2(log n)—< exp [¿»(log m)"]z"
n=2

considered by Ingham [6]. Ingham's function could also be handled by these

methods but the details would be slightly more complicated.
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For the function under consideration

d(x) = (log xY,        b(x) = x-1/2(log x)-<

and
(log [ny(d)]Y = 2™ - 0,        ny(d) = exp [(2tcv - d)11»].

Therefore

d'(x) = /Sx-Klog x)""1 = 0(x~1),    since    ß g 1,

1 1
(A) -= —■ x(log x)*3-1 = 0(x1+e),    for every e,

d'(x)      ß

d"(x) =0(x-2);

6'(x) = - ix"3/2(log x)~y - 7*-3/2(log x)-^-1 = 0{x-3'2(log x)-y}

(B) 1 >
= 0{o(x)x-1};

e2d"(x') > d'(x),        x < x' < ex,
(C) -      -      ,

e22>(x') > b(x), táí'á ex.

Since t] = 5 = 0 and e can be made less than 1/30, we have

R(z) = 0<(1 - p)2^ n,   p    +2-,ny     p
\ »_2 *=2

00 00 v

r     -3/5   n ^     -6/5    n|+ (i-p)Ew    p +L»    p>
n=l n=l /

= 0{(1 - p)(1 - p)"7/1° + 1 4- (1 - p)(1 - p)"2/6 4- 1},

so that R(z) is continuous when |z| =1. The function G(z) is continuous for

\z\ =1 if

A     -1/2 -7   1/2 (l-jS)/2 A -7/0-1/2+1/(2,3)
(5.1)       2_ w-    (log w»)    w»   (loS w") = E (2™ - 8)

v=2 *=2

converges, and the necessary and sufficient condition that (5.1) converge is

7        1        1 1
— +-> 1,        or       7> —(/3+1).
0        2       2/3 2

This corresponds to the result obtained by Ingham.

We shall now consider the modulus of continuity oifßy(z). We notice that

the function b(x)=xll2(log x)~y satisfies (B) and (C) so that the discussion

of §§2, 3 applies to the function

f'ßi(z) = E w1/2(log n)—> exp <i I    (log x)sdx>z".
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Since j8i£l,

Mix) = X) «,-i(log «,_i)-t-^2+1/2 + x(log x)-?-"/^1/2
n„¿x

= 0{x(log x)-^/^1'2},

so that

C F /       1       \-|-T-/J/2+l/2-\

f'ßyiz) = 0|(1 - p)-1 [log (j^-)J } •

But

/' 1 r /       1      \"|—r-0/2+1/2 /»A / J \ -7-3/2+1/2

,J1-')",rg(r^)J      *-J."(h«T)
/■°°                                                                                       _   1 / 1 \ -7-/3/2+3/2

x-'(log x)-T-^'2+1/2dx =-I log — I
l/A                                            7 + |8/2 - 3/2 \       Â /

3        0
if 7 >-

2 2
and hence

(/ 1 \ -7-0/2+3/2\

<M,h) = o^\og-J |,       if T>y-y

This result could not be obtained by the other methods to which we have

referred.

6. Further applications. If

00

X) 62(«)   =    00  ,
71=1

we know that the function

oo

/(z) = E b(n)eiA<-»h«
n=l

can not tend to a continuous or even a bounded function as p = | z| —»1. We

wish now to study the behavior of fipeie) for a particular choice of d(x).

We assume that b(x) satisfies (B) with 5 < 1/10 — e, and (C) and,

(E) j    b*(t)dt = 0{xl+'b2(x) J,        e < —

We define

dix) = logT f  b\t)dt\.
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Then by hypothesis d(x) î oo, as x—» oo, and

b2(x)
d'(x) =-. =0(x-'),

f¡b2(t)dt

1
d"(x) =0(x5"2),        5 <-e,

10

1 1
= 0(x1+'),        e <

d'(x) 30

so that the function d(x) so defined satisfies (A). It is also clear that since

b(x) satisfies (C), d(x) will also satisfy (C). We have

.1/2

î oo    as   x —» oob(x)[d'(x)]-1'2 = ( f b2(t)dt\

and

HOtd'«)]-1'2 = e"-«'2.

Therefore

Af(z) =  E^K(0))[d'K(0))]-1/24-&(x)[d'(x)]-1'2
«>(0)Si

=  E e1" + 6(*)[d'(x)]-1/2 = 0{b(x)[d'(x)]-1'2}
»>(0)Si

and condition (D) is satisfied. By the argument of §3

R(z) = oÍmÍ-j| + 0<     E    K«)»2"1}

and

JV r"   AT I1'2!-   N ~11/2

E K«>2<_1 ^     E n-v2b2(n) E w4'~3/2

= "{W)},

so that

*«_„{« (_L_)}.

Therefore by the argument of §2,

/(„-o{i/(ri7)}-0{(/i"""VWi,)"}
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and

f(z) = Ü<M
<£»■

This answers the question mentioned in the introduction about the possi-

bility of choosing d(x) so that/(z) have the same order as |z\ —»1 for every 0.

We might apply these considerations to the case where b(x) =x~1/2. We

can readily obtain the result for this case that if

u;í\-
then

and

d(x) = log      I    —    = log log x

f(z) = E w-"2exp [iA(n)]z" = 0<   log (-J       I

/w-«{[iog(r+-)]'/'}.

We might compare this with the results for the function

oc

/o(z) = E n~in exp [¿« log n]z"
n=2

obtained by Hardy and Littlewood which are mentioned in the introduction

((1) and (2)).

References

1. Hardy, these Transactions, vol. 17 (1916), pp. 301-325.

2. Hardy and Littlewood, Proceedings of the National Academy of Sciences, vol. 2 (1916), pp.

583-586.
3. Hardy and Littlewood, Proceedings of the London Mathematical Society, (2), vol. 11 (1912),

pp. 411-478.
4. Hardy and Littlewood, Mathematische Zeitschrift, vol. 28 (1928), pp. 612-634.

5. Hille, Journal of the London Mathematical Society, vol. 4 (1929), pp. 176-182.

6. Ingham, Annals of Mathematics, (2), vol. 31 (1930), pp. 241-250.
7. Paley, Proceedings of the London Mathematical Society, (2), vol. 31 (1930), pp. 301-328.

8. Wilton, Journal of the London Mathematical Society, vol. 9 (1934), pp. 194-201, 247-256.

Northwestern University,

Evanston, III.


