ON AN APPROXIMATE FUNCTIONAL
EQUATION OF PALEY*

BY
W. C. RANDELSt

The purpose of this paper is to present and extend a method which
has been found useful in the construction of “gegenbeispiels.” The methods
of proof have all been used before by various writers, but the conditions used
here are more general than those considered by the other writers.

If we have a sequence of positive numbers {a,} such that

L
2=

n=1

and such that the function,

f&) = 2 ans",
n=1
is analytic inside the unit circle, we know that f(pe®) will tend to infinity as
p—1, at least for =0. If we introduce a sequence of factors {ei»} (b, real),
the function

f() = 2 aneitnzn
n=1

will tend to have its singularities spread over the unit circle and the order of
maxoso<eqf (0e?), as p—1, will be decreased. This suggests the problem of de-
termining a sequence {b.} corresponding to the sequence {a.} such that the
order of f(pe¥) as p—1 is the same for all values of 6.

The first result of this nature was given by Hardy and Littlewood [2].}
They considered the case of a,=##"2 and they proved that

Hi=#

loga

fo(z) =

¢4y w112 exp [ian log n]zs" = F(a) + ¢(0), §
ne=l
where

* Presented to the Society, February 23, 1935; received by the editors February 11, 1937.

1 This work was done while the author was a Sterling Research Fellow at Yale University. The
problem was suggested by Professor Hille.

1 The numbers in brackets refer to the references at the end of the paper.

§ To make the printing easier we shall sometimes write exp [«] instead of e*.
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27 (2m)p
a = y H=——,
loga (log a)f+1/2

o
z2=pe?, p=evt §=alog <_t)’
e

and

o

F(O’) = Z aﬁ’e‘(v'f'“)a”

y=1

A+ o0(1), as ¢ >0, if 8 <3,
1

o) = 10(log ), it g =1,
g

O(o—F+112), if 8> 3.

The function F(o) is similar to the Weierstrass non-differentiable function,
and extensive work by Hardy [1] on that function makes it possible to show
that fs(z) is continuous for |z| =1 and 8<0, and

of(t —1[z])}, 8 >0,

O () e

Moreover they showed that* v
(2) fo@® =e{(l —|z])?} as p>1, B>0.

As a consequence of (1) and a theorem of Hardy and Littlewood [4, Theo-
rem 4] it follows that

O(h®), —1<B<0,
(3) w(fﬁ, h) =[£;—1-10;P§.h I fﬂ(ew‘) - fﬂ(ew’)l = O(h lOg—l">, B=— 1.

Hille [5] has given a proof of (1), but by his method one cannot prove (2).
Hille, and Ingham [6], considered the similar functions

forl@) = 3 wilog m) e, B <1,y > 6+ D),

n=2

and showed that these functions are continuous for |z| =1.
It is natural to try to prove similar theorems for functions of the type

f@) = X b(n)eirmzn,
nml
It is convenient to assume that the functions b(x) and A(x) are defined for
* By the notation f(x)=2{g(x)} we mean that f(x) =0 {g(x)}.
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all values of x on the interval (1, «) and we shall do so from now on. This
problem was first handled by Paley [7] who showed that, if #,(8) is defined
by the relation

A'{n(8)} = 2mv — 0,

then
f(z) = i b(m)ets(mgn
(4) - r;/zeﬁui b{n.(0)} | 2|m® exp [i{A[n(8)] + 6n,(6)

= @ {nehr
— 27wn,(0) }] + R(2),

where R(z) is continuous for |z| =1. Paley’s results however were not as gen-
eral as ours for he used a condition of the form

b(n) = O(x~1/2), e < 1/10.

Wilton [8] working on the same series when |z| =1 proved the equation

fm(ew) = i b(n)eid (M eind

1/2,7i ”. b{"'(o)}
/2 /42 (A”{n,(())})l”

(5) exp [i{A[n,0)] + 07,(0) — 27m,(6) }]

where 7,(0) <m <n,4.(0). Wilton mentions that his equation is in general a
special case of one of van der Corput. We notice that neither the method of
Paley nor that of Wilton will prove (1) or (2).

The purpose of this paper is to give an extension of Paley’s methods so as
to include (1) as a special case. In §1 we prove a functional equation similar
to (4) except that R(z) is not necessarily continuous. The functional equation
of §1 could possibly be gotten from Wilton’s (5) by replacing b(x) by p=b(x)
but it would involve at least as many complications as the proof given here.

In §2, it is shown by a method of Hardy [1] that

- b(n,)
G = x1/2,7i/4 ny — -
() = wl/% E P [ ) 17

=0{M(11p>}’

exp [i{Aa(n) + 6n, — 2mvn,} ]
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where, if 7,(0) <x <7,4.(0),

C b(y) b(y)
M(x) = Z max VTR T max -
_t mo@sysw© [A7()] mOsysz [A”(y)]

We also show that

oo -ofu(:2)
if
D) M(x) = O{—[X%TU;} .

The remainder function R(z) is studied in §3 and it is shown that if M (x)
is bounded, R(z) is continuous for |z| =1 and otherwise

o =fu( )

In §4 we use a method of Hardy and Littlewood [4] to show that if f(z)
is analytic for |z| <1 and continuous for |z| =1, and

f@ =ofe(| =)},

where g(x) T « as x—1, then

1
o, ) = Lub. |fe%) = )| = 04 [ gtrras},
10,—6,1=n 1-h
provided the integral exists.

Wilton [8] has given some applications of his equation so that in dis-
cussing applications we confine ourselves to cases which have not been cov-
ered by Wilton. It is pointed out that (1), (2), and (3) follow from this theory
and also certain generalizations of them are possible. Ingham’s results also
follow as pointed out by Wilton, and furthermore

1 \—rB/2+3/2 /3 3
o(fay, k) =0{(1037) }, if ’Y+—2‘>?’

where fs,(2) is defined by

Jfo,(2) = i n~1/2(log n)~7 exp [i f "(log x)”dx].
1

It is finally shown that, if b(x) satisfies conditions (A), (B), and (C) of §1,
and
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(E) f “b(n)ds = O{ah®)}, e < 1/30,

and
f b¥(x)dx = «,
1

then, if A(x) is defined by

A(x) =f:log[flyb2(z)dz:| dy,

the functions A(x) and b(x) will satisfy condition (D) of §2 which implies
that the singularities of the function

f(2) = i b(n)eismzn

n=2

are distributed uniformly over the unit circle, and the order of f(pe¥) as p—1
is the same for all values of . This answers a question proposed in the opening
paragraph.

1. The functional equation. The method used in this section is essen-
tially that of Paley and the notation is chosen to agree with his. If the func-
tions b(x) and d(x) are given we define

A(x) = f zd(y)dy,

z = pe¥,
d{n@)} =2mv—0, 0=20<2r, »v=1,2,---,
F(v;0) = A{n,(8)} + 6n,(8) — 27w, (6).
We impose the following conditions on b(x) and d(x):*
(A) The function d(x) has two derivatives, continuous on the open in-

terval (1, «) and

d(x) T © as x— o,

d'(x) = O(x7),

1/d'(x) = O(x), 0 < e< 1/30,

@'(x) = O(x™?), < 1/10 — e.

We notice that the first condition on d(x) implies that #,(f) T « as v— .

* It would obviously be sufficient to assume that these conditions are satisfied only for x greater
than a certain xo; but to simplify the work we carry through the proof for xo=1.
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(B) The function b(x) is monotone and has one derivative continuous on
(1, =) and
¥(x) = O{b(x)a*1}, 5 Se.

The function d’(x) and b(x) satisfy the condition:
(C) There exists a constant £>1, such that for each function

f(&") < kf(x), kf(2") > f(x), if 1= 2= 2" < ex.

If we had restricted ourselves to functions of the logarithmic-exponential
type, condition (C) would mean that the functions could not be like e* or e—=.
We notice some consequences of (C). If f(x) satisfies (C), then

1 < k k > 1
f(&)  f(x) f=)  f(x)
If two functions fi(x) and fy(x) satisfy (C) with constants k, and &, respec-
tively, then for x <z’ Zex,

S1(@)fo(#") < kakefr(%)fa(), kiksf1(2) f2(2) > fi(=x)fa(x).
If f(x) satisfies (C), f(x) >0 then for x <x'=<ex,

ef iy > [ san, b [ say> [,

and

f ‘z'f(y)dy < ek fl zf(y)dy,

flx.,f(y)dy < ekfle(y)dy+fl.f(y)dy.

This means that, if the functions fi(x) and f:(x) satisfy (C) and are positive,
then the functions

= 1@, f A3y, f fily)dy

also satisfy (C) for x>a>1 for some a. If f(x) >0 satisfies (C), then for
erx<x’ <etlz,

f(&) _ flex) (=)
fx)  f(=®) flemx)
If f(x) >0 satisfies (C), then

/\ lo
< kn+l < k.klug (z'/z) — k(i) ‘k.
x
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S S < kS f fz)dz = & f (=)

n=1 n=1

and

[ 15 = [ sas < 43 g0,

so that the seri¢s and integrals are equiconvergent.
We wish to obtain an approximate functional equation for the function,

fz) = E b(n) exp [iA(n) ]z
We first consider the group of terms*

rf b(n) exp [iA(n)]s" = § c(n) exp [iA(n) + inb],

r—8

where r=n,, s=,%5, and where c(x) =b(x)p>. We have

,f c(n) exp [iA(n) + ind] — c(n,)§ exp [iA(n) + inf]
- o{ ilc<n+n,) -}
£ | }

dx
=0{(1 — 2)b(m)e” 'n" +

since by (C) and (B),

¢(%) = b(x)p" log p + ¥'(2)p” = O{b(m,)p

(1.1)
= 0{ max

|2—ny| =2

b( l')p'w/2 } ’

ny/2 ny/2 }

(1 = p) + n " b(m)p
in, < 2 < §n,.

’

By (A)
r+e r+s
> exp [iA(n) + inf] — f exp [iA(x) + 126 — 2wiva]dx
(1.2) = O{nfls max | — [zA(x) + ix0 — 2 wivx) }
|x—ny| <3
-o{ mex, f #0 | |

* By the symbol Zf we shall understand the sum over all values of 7 such that a<n<b.
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= O{n‘,’l5 max d’(x)} O{nm} .
|x—n,|ss
We have, again using (A),
|2 —m 2
A(x) + 20 — 2mvx = F(v; 0) + (x — n,)2d'(n,) + O ———} s

2"

so that

r+s r+s
f exp[iA(x) + ix0 — 2wiva]dx — exp[iF(v; 0)]f exp [i(x — n,)d'(n,) |dx

. _O{f ‘ 1 - exp[ (nz—.)] dx}
_O{m = f_.l x*ldx} _ofn*).

By a simple change of variable

r+s t
f exp [i(x — n,)2d'(n,)]|dx = 2[@’ (m,) ]2 f e?dx,

r—s 0

where ¢ =n,%5[d’(n,) |2, and we know that
f edx = Jeriliyl/2,
0
By considering the graph of the function cos x? we see that /. cos x? dx can be

represented as an alternating series for which the absolute value of the terms
is steadily decreasing. Therefore

f cos x2dx = O{ [d’(n,)]uzn_—s/s} .
t
By applying similar considerations to sin x#? we see that

f wewdx = 0{ [df(n,)]uzn,—a/s} .

Hence

r+s
exp [iA(x) + ixd — 2rwivz]dx — x'/%*i/4[d'(n,)]~112  exp[iF(v;6)]

{nflb-}-q —3/5} - { 2/5+ﬂ}.

(1.3)
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This implies that

r+s

(1.4) 2 o(n) exp [iA(n) + inb] = wV/2ei/4[d’(n,)]-1/2 exp [iF(v; 0) ]b(n,)p"™

8/5 nv/2

+0{(1 = Pb(m)n, o™ + b(m)m 5" + bm)m, O
We set a(x) =A(x) +6x, v(x) =a(x+1) —a(x). We have then

= o o(n
3 b(m)eistmpn = 3 WT)I {eivm — 1}eiem,
48 r+s € e

where 71 =1,41, si=#%%7,, and if we define

H(z) = X {eiv® — 1}eiatm = giatl=+1D — gia) = O(1),

1

this gives us

lzlb(n)e‘“(")p"=f ' l—c(x) dH(x).
r+8

r+8 ev(® — 1
Integrating by parts we have

18

e — 1 dH(x) = e — 1

f"x": c(x) c(2)H(x)

48 r+8

" B i{———c(x) }dx.

eir(® — 1
By the definition of y(x) and property (A),
v(2) = d(x) + O{&(x)} +6, (%) = d'(x) + 0{d"(v)}
and
v(n,) — 2mv + 8 = 0{d'(n,)}.
Consequently by (C) there exists a constant M >0 so that for » sufficiently

large

r+8
y(my + 1) = 209 + 0 = y(n,) — 2mv + 6 + f ¥ (%)dax

> n.slsomin [@(n + 2)] — Of{d'(m) + n, "d"(m,)}
Sz<s

3/6,—1—e

> Mnf/s(n, +n ) ,
and by (A) for x>n,+n,%5, there exists an M’ such that



1938] AN EQUATION OF PALEY 111

v(x) — 2mv + 6 > Mnfla(n, + n,sl ) “t(x—n — n, ) mgl.ns [@(»]
y<x

> M'(x — m)x
If we define N, by the relation
d\N,) = (2v+ Dm — 0,

then since v'(x) =d(x+1) —d(x) >0, we have for x<N,,

| v(#) — 200 + )x + 6| = =.
We know however that, for 27y <y < (2v+1)m,

(ev — 1) = Of(y — 2m)7},
and therefore

01(:) -1

(1.5) (e D = 0{e " @ —m)"), mAnSzsN.

By a similar reasoning

1.6) ("7 = D7 = O{miimr — 7}, Ny S &Sty — np,
and
n, 1+e n, -1 N
1.7) (e — 1)1 = 0{( +,1> ( fl - x) }, N, =x= n'{-l;
21 23 2§
j = 1’ 2’
Therefore, by (C),
c()H(x) |rr= .
(1.8) 7 = O{c(n.)n. + C(gﬂ,.‘.l)n,f:- }
e7(® — 1 |4,

We also have*
-8 d
f H(x) —{——— “(*) }dx l
rte dx Leiv® — 1

2ny N, ”v+l/2 ry—8y
=2 [ f + + + ]
r+s8 2ny Ny ny41/2
= 2(I1 + Iz + 13 + I4).
Using (1.5) and the fact that y’(x) =0(1/x) we have

dx

d{ c(x)
dx Leir(@ — 1}

* In case 2n,> N, we drop I, 1f N..>§n,+1, we drop I, and if 311> 7, —n". v we drop I.
It is essential that 7, 47,35 < ”m—”m This will be shown later (cf. (2.1)).
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2ny glte| o/ 2n, 1+2¢
Il=0{f x__l_‘_(x_)ldx_'_f ﬂ—dx}
r+e x = n, r+8 (x - nv)2
=O{Ill +Il"},
and by (B) and (C)

= O{ f " [(1 = p)b(n, + 2)(m, + x)+ep=+ms

. d
1.9) + b(x + ,)(x + m,)Hepstn] ?x}

1+e¢ ny

= 0{ [(1 - P)b(ﬂy)ny rp + b(n,)n:+'p"'] l'og .n,}

and

(1.10) I/' = O{f "'c(n, + %)(n + x)l+hx_2dx} = O{c(n,)nf’”ge} .

Similarly

I, =0({ + I{"),
where

N’

I = f,. x¢[(1 — p)b(x)p* + x3-1b(x)p*]dx

(1.11) 'N_
- 0{ 2 (= pbmen + n°-'b(n>p~l}

and

1.12) 1! = O{ :Z' c(n)n""‘} .

Also I;=0(I{ +I3'), and by (1.7), if x= N,, 2=, . Sx <2-~n,,,,
(€7@ — 1)1 = Of (y12-7) ¥+ (22~ — 2)~1} = Ofx*}

uniformly for j=0, 1, - - - , so that

Py41/2 .
(1.13) I{ = o{ Y, ne[(1 — p)b(n)p™ + n‘—lb(n)p"]},

Ny

ny41/2
(1.14) 13’ =0{ > nz"“b(n)p"}.

Ny

Finally I,=0(I{ +1{') and by (1.6)
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10 = [T = p@me” + @) e N = 9 d
Byt1/2

(1.15) R y .
= 0{m31 log mua[(1 = Pb(ms)e™™” + b(m)merao ™ 1},
(1.16) I{" = Ofmary ™" b(mra)p

From (1.4) and (1.8)-(1.16) we get the principal result of the paper that

'w+l/2} .

f@@) = i b(n)ei* Mz = G(z) + R(2),

n=1
where
G(z) = wi/%il4Y b(m,)[d'(n,)]-1/2%F 00 pmr
y=1

and, if a =max(y, 2¢),

R(z) = 0{ 3 [ = bmym 0"+ b(m)ms ™
y=1
+ (1 _ p)b(n,) 4:/5+¢ n/2 + b( ) f/5+a n/2]

ot 6
+ 2 [p(mynrtom 4 (1 — p)b(n)n‘p"]} = 0{ 2 Re(?')}-
n=1 te=1

We notice that this procedure is valid only for |z| <1. We shall now give
a functional equation of the type used by Wilton (5) which is valid for |z| =1.
The equation is

m u

(1.17) 3 b(m)eitmeint = gii2geits 3 b(n,) [d'(m) |-1/26F %0 4 R(m, 6),
ne=l r=1

where 7,+n,35 <m <n,1+n35. It can be seen that the sums

rt+a

Z b(n)eid(megind, v < u,

r+8

2 3/6
Z b(n)ei”(")ei”o) m = My — My,
u+v

where #=n,, v=n,*5, can be handled by the methods which we have used
and moreover

z"‘: b(”)eiA(n)eirw = O{b(m) [d'(m) ]_1/2} ,

U—vy

where %, =n,41, 11 =#3,. This shows that
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2/5+a 2e-1

R(m, 6) = O{ i b(n,)n, + i b(n)n

ye==1 n=l

+ s0m) [ om) "}
2. The order of G(z). If the series
z; b(n,) [d'(m,) |12

converges uniformly in 6, then the function G(z) tends to a continuous func-
tion of 6 as p = | z| —1. We shall now suppose that the series does not converge
and investigate the order of G(z) as p—1. We notice some properties of #,(6).
First, since d(x) is monotone, #,(f) T «» as v— « and #,(f) is monotone de-
creasing as a function of 6 on (0, 27). Also

7,(0) = 7,41(27).
Finally, since
d{n(8)} = 2mv — 9,

we have

d
d' {n(0)} = n,(8) = 2

and, since d’(x) =0(1/x), there must be a constant ¢ >0 such that
v+l 4
G M@ =@+ [ = m@d > m) + @ = (1 -+ Om0),
v (o
We let A(x) =b(x) [d’'(x)]~Y2 and, if #,(0) <% <#,4.(0), we define

M(x) = fy_‘, max  Ah(y) + max hk(y).

vmg M1 (0)Sy=m,(0) n,0)<ys=

If A is greater than 1 and #7,(0) £« <7,41(0), 7,/(0) £ Ax <7, 41(0), then by
(2.1) we have

W —u<logAlog (14 ¢,
and by (C), k(y) =0{h(x)}, x<y=<Ax, so that, if #,(0) % =<n,(0), then

u

(2.2) M(4x) = Y, max  k(y) +O{ max h(y)} =0{M(x)}.

yem2 By (0)Sy<n,(0) #,(0)<y=<x
We write
o0 0
|G() | = 2012 h(m)p™ = 271123 h(n)ev™,  y = logp,
y=l paml
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and define u so that #,.(0) < —1/y <n,4.(6). Then

Y h(m)evw = Z“: h(m)ev + > h(n,)ev™
y=1 y=1

ympt1

and, if 06 <2,

il h(n)evms = 0{ > h(n.)} = o{M[n0)]}.

By (C)

’_élh(m)evn. = (— —;’-) ,.%1 h(m,) [;, <_ %)]"e,,,,,

- ofi(= ) T - moymsens}.

Since —n,y>(14c¢)"*(—n,y) >(14c)**", we may find an 4 and an m not
depending on y so that

n,y + log k log (— m,y) < — A(y — p), for (v — u) > m.
This shows that

i h(n,)evmr = O{h (- —1-) i exp [n,y + log k log (— n.y)]}

y=pt1 Y/ p=ri1
-ofl-5)}-
Hence by (2.2)
(2.3) G(2) =0{M(11 )}

We shall now use the additional hypothesis
D) M(x) = O{h(x)}
and we propose to prove that if (D) is satisfied then

oo - ofo( ) -ofu; )

The method is essentially that used by Hardy [1] for a similar problem. We
take the series

©
E n;x h(",)eyn,eii' (v:0)
p=1



116 W. C. RANDELS [January
and let y= —a/n,. Then

u—l1 s
= ngh(n)e s — > ngh(n)ev™ — 3 ne h(nm,)ev™.

paml r=p+41

L
> ne h(n,)evrves® o:0)
ye=1 ’

By (D) we have k(n,) =O0{k(n,)}, v<u, and hence there exists a A>0 and
independent of «, v, and N, such that

n,)“ k(n,) (n,)“

— <M—).

Ny h(n,) My

Therefore

p—1 =1 a n,

Z ne h(n,) exp [— an,/n,] < Nb(n)ng —“Z ) exp [ al — — 1)]
” 7,

= Mi(m)ng —a“il exp [— o (— —1—log )]

But, since #,/n, < (14-¢)~!, for v <u, there exists a p >0 such that

Ny
——l—log—>p, for » <y,
n, 7,

and, for u —» >u, » depending only on c, there exists an A4 so that

ny
—=1- log— > Aflog (1 + 0)](u — »).
M Ny
Therefore
u—1 n, a n, p—u—1
Z(—) exp [—- a(— - )] < Z exp [— ad(u — ») log (1 + ¢)]
v=1 \ 7y n’#
=1
+ X e < Z exp [— advlog (1 + ¢)] + ue2? = o(1) as a — .
We have also by (C)

Z‘: n? h(n,) exp (— am/ ”p)

yempt1
e nv a+|.0‘k ”,
= O{n,f h(m)e= > (——) exp [— al—— 1)]}
r=utl \ %y My

s n, n, n,
= O{n,:' h(m)e= 3 [— a (— —1—log —) + log k log ——]}
pempi-1 Y Ny Ny

and, since »,/n,> (1+¢) for v >u, there exists a p >0 for which,
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n, n,
——1—1log— > p,
Ny Ny
and hence for « greater than a suitable oy, there is a po>0, such that
n, n, n,
a(— -1- log—) — log k log — > ap.
"y N Ny

For v —u>w, w independent of « for a> ay,

n, ny n,
a(—— -1- log—) + log klog— > aflog (1 + o) ](v — ).
”

' Ny (]
Hence
hd n, n, n,
> exp [— a(— -1- log—) — log klog—]
ympt1 ym My ny

< we P 4 Z exp [—avlog (14 ¢c)] =o(1) asa— .
pa=1
Consequently we can find an «; so that for a>a,
u—l s .
2 s h(m) exp (= am/m) + 3 n2h(n,) exp (— am/m) < yng h(n)e=e
yaal y=p+1
uniformly in 6 and g, and by (C), for y= —(a/n,),
1

1 a
> irii2ng h(n,)e e > w(—- —) h(— -—), w depends on a.
y y

= 60
- 2
dp*

We can easily see that

o0 =o{(=5)+(-3)h

Therefore by a theorem of Hardy and Littlewood* we must have

o6 = Q{h<11 >}

Therefore under condition (D) we have an exact characterization of the order
of G(z) as |z]| —1.
3. The order of R(z). By the above method we can easily show that

G.1) 3 b(myn =0{K1( ! )}

v=1 -

* Hardy and Littlewood [3] This result follows from Theorem 8 on setting ¢ =y =h(—1/y).
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where, if #,(0) <x <7,,1(0),

N
Ki(x) = 20 max  b(y)y/ste 4 [max b(y) y2/s+e,

ym2 #y—1(0)Sy<n,(0) n,(0)sy<x
Also
. i e ny 1
(.2 z ™ = ok ()}
pom1 -

where, if #,(0) <% <%,4.1(0),

B

Ki(x) = Y max  b(y)yS/te + max b(y)yt/st+e = O{x"‘Kl(x)}

=2 1, (0)Sy=n,(0) 7,(0)sy<=x

Similarly we can show that

3.3) E by, ™" O{Kl <1 -2— p)} B O{Kl<1 i p>}

and

(3.4) 2 b(m)m, o™ = o{m(1 i ,,)} {(1 -0 g, (1 1 ,,)} .

Since 2/5+a <%, we have

x2/5+a = 0{ [dl(x)]—llz}

and hence, if M(x)—>» as x— o,
Ky(x) = o{M(x),} .

Therefore, if M(x)—» as x—x»,
1
)}, j=1,2,34.
—-»
If N<—1/y<N+1, y=log p, by (C)

> dmmiien = 0f 3> 25T ek

nmN+1 i=0 (2IN)1-2¢ | _oiN+1

3.5) Ri(z) = o{M(1

and, since
b(2IN)(2iN)?t = O{2916%(N) (2iN)21},

we have
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E b(n)n2elpr = O{b(N)N2e—l Z 2i(lozk+2c—l)e—2i}

n=N+1 =0

= O{b(N) N2},

‘Therefore
[/ a—p)1
(3.6) Rs(z) = 0{ > b(n)n“—l}.
n=1

Similarly

[1/(1=p)] [1/(1—p)1
3.7 Re(2) = O{(l -p 2 b(n)n‘} = O{ > b(n)n“l}.

n=1 ne=l

If the series
2 b(m) [d'(m)] 1
r=1

converges uniformly in 6, it is easily seen from the above estimates that the
functions R;(z) tend to a continuous function of 6 as p—1, for i=1, 2, 3, 4.
Moreover, since d’(x) =0(1/x) we must have b(x) =0(x~/?) so that

i b(m)n2et

n=1

converges and
2 b(mmepm = of (1 — p)71}.
n=1

Therefore in this case R(z) is continuous for |z| =1.
We now wish to give some estimate for

i b(n).n2e—l

and compare it if possible with M (x). If b(x) is increasing, by the monotonic-
ity of b(x)

f} b(m)n2t = O{b(N)N2<}

and, since by (A)
BN)NV2 = O{M(M)},

R;(2) =0{M(1i )}, j=35,6.

we see that
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If b(x) is not increasing the problem might have to be considered differ-
ently in separate cases. However if we make the reasonable assumption that

i b(m)n2et = Ofb(x)x2+7}, 2¢+v <3,

n=1

then we see that in this case

Rils) = "{M<11 >}

This assumption is always satisfied for functions of the logarithmic-exponen-
tial type which is the type of function used in applications of this method.

4. The modulus of continuity. If a function f(z) analytic for |z| <1 is
continuous for |z| =1, we define the modulus of continuity of f(z) as the
function

o(f, ) = Lu.b. | f(e?) — f(e®s)|.
lo—6, Sk

We wish to develop a method of finding the order of w(f, k). Let us suppose
that there is a function g(x) such that g(x) T « as x—1, then we shall show
that if

/'@ = 0{ek},

olfy B) = 0{ [ }(x)dx} :

provided the latter integral exists. The method used has been used by Hardy
and Littlewood [4].
We have

then

| fle) — fle) | = lim | floes) — fpe) |,
1
so that we need only show that

| foe®) — f(peit) | = o{ g(x)dx}

1-h

uniformly in p<1 and |6, —6:| 4. Since f'(z) is analytic for |z| <1,

ooty soey = [ pgae = { [ 4 [ 4 [ Vroas

pe

where [; is the integral taken along the radius § =6, from p to p—%, and f;
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is the similar integral along 6 =6, from p — 4 to p, while /; is the integral along
the arc |z| =p—% from 6, to 6;. Then

0,
[ r@as=io - [ ey~ nelan
2 0,
=0{|6:— 62]g(o — B)} = Of{hg(1 — B)}.
Since g(x) T « as x—1,

[ r@as - f " g (et

g(x)dx}

-,
-of
fsf’(z)dz=0{ lihg(x)dx}.

Finally we notice that, since g(x) T « as x—1, _

g(x)dx} .

1-h

Similarly

hg(l — k) < flhg(x)dx.

o(f, b) = O{fl;g(x)dx} .

5. Applications. To illustrate the scope of this method we shall apply it
in detail to a particular function which has already been considered and point
out some extensions of the usual results which may be obtained by this
method. The function which we shall consider is

Therefore

fe2(2) = DO n~1%(log n)~ exp [if”(log x)ﬂdx]z”, 0=B=1.
1

n=2
This is similar to the function
> n~%(log n)~7 exp [in(log n)f]a"
n=2

considered by Ingham [6]. Ingham’s function could also be handled by these
methods but the details would be slightly more complicated.



122 W. C. RANDELS [January

For the function under consideration
d(x) = (log 2)f,  b(x) = x~'/%(log %)~

and
(log [7,(0)])2 = 2xv — 0, n,(0) = exp [(2mv — 6)1/8].
Therefore
d'(x) = Bx~(log x)f~! = O(x™1), since B =1,
1 1
(A) 7@ = E x(log x)f~1 =.0(x't¢), for every e,
2'(3) = 0~);
(B) b(x) = — 3a~%2(log )~ — yx~3/%(log «)~7! = O{x~3/*(log x)~7}
= 0{b(x)x};
©) erd'(z") > d'(x), x = % = ex,

e?b(x’) > b(x), v < 2 < ex.

Since 7=28=0 and ¢ can be made less than 1/30, we have

R@) = {(1 _ P)Z 7710 n, 4 Z —1/20 n,

v=2

+(1_P)E”3/5"+E —8/5 n}
=Mu—mu—m"°+1+u—ma—w

so that R(z) is continuous when |z| =1. The function G(z) is continuous for
|z] =1 if

—2/5
+1},

(5.1) Z ny " (log m) Tny (log m,) " = Z (2my — g) "IV

y=2
converges, and the necessary and sufficient condition that (5.1) converge is

1 1 1
—_—t——=>1, — 1).
P + % or y>- B+1
This corresponds to the result obtained by Ingham.
We shall now consider the modulus of continuity of f,(z). We notice that
the function b(x) =x'2(log x)~ satisfies (B) and (C) so that the discussion
of §§2, 3 applies to the function

for(2) = i nl/2(log n)~7 exp {ifl"(log x)ﬁdx} P

n=1



1938] AN EQUATION OF PALEY 123

Since 8 =1,
M(x) = > m,_1(log n,_1)~7-8/2+1/2 4+ x(log x)~r—BI2+1/2
<z
= 0{ x(log x)—‘y—ﬁ/2+l/2} ,
so that

, 1 —y—Bl2+1/2
a0 = 0{t = o [10g () | b
But
1 1 —y—BI2+1/2 h 1 \—7-Bl2+1/2
(1 —p)? [log< )] dp =f x1 (log—) dx
1-h 1-— 0 x/

s —1 1 \—r-B/2+3/2
= f x(log x)" v AUy = — — (log —) ,
yh v+ 8/2—-3/2 k
'
fv>———
if v 5
and hence
1 \—r-B/2+3/2 . 3 ¢}
o(fgy, ) = O{(log—h—) } , if v > R

This result could not be obtained by the other methods to which we have
referred.
6. Further applications. If

X b¥n) = w,

n=l1

we know that the function

f(z) = 22 b(m)eitmsgn

n=1
can not tend to a continuous or even a bounded function as p=|z| —1. We
wish now to study the behavior of f(pe®) for a particular choice of d(x).
We assume that b(x) satisfies (B) with § <1/10—¢, and (C) and,
z 1
(E) f b2(f)dt = O at+eb2(x)}, e<—-
1

30
d(x) = log[ fl zb2(t)dt].

‘We define
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Then by hypothesis d(x) T », as x— =, and
b%(x)
Jibr(t)at

1
@'(x) = O(x?), §<——c¢,
(x) = O(x*%) o ¢

d'(x) = = 0(«7),

1
d’(x)

so that the function d(x) so defined satisfies (A). It is also clear that since
b(x) satisfies (C), d(x) will also satisfy (C). We have

1
= O(xlte , < —
(=79 ) 30

b(x)[d'(x)] 12 = (flzb’(t)dt)mT © as x— ®

and
b(n,) [d'(n,) ]| 7112 = em0i2,
Therefore
M(x) = (f\_"‘)g b(n,(0)) [’ (1,(0)) ] =1/2 + b(x) [’ (x) ] -1/2
= (%,ée" + b(x) [@' () ]2 = Ofb(x) [@'(x) ]2}

and condition (D) is satisfied. By the argument of §3

R(z) = o{M (1 _1_ p)} +0{ [l/g;p)]b(n)nz‘—l}

and

= of M(N)},

ke = "{M(l1 )}

Therefore by the argument of §2,
1/(1p) 12
} = O{(f bﬁ(x)dx) }
1

Je) = O{M(l -1— p)

so that
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f&) = Q{M<1i >}

This answers the question mentioned in the introduction about the possi-
bility of choosing d(x) so that f(z) have the same order as |z| —1 for every 6.

We might apply these considerations to the case where b(x) =x~2. We
can readily obtain the result for this case that if

= dt
d(x) = log [f -t—:l = log log »
1

0= E e ol = ()]}

and

then

and

O L)

We might compare this with the results for the function

folz) = D w12 exp [in log n]z"

n=2

obtained by Hardy and Littlewood which are mentioned in the introduction

((1) and (2)).
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